RELATIVITY MTH6132
PROBLEM SET 8

(1*) The metric for a particular two–dimensional Riemannian spacetime is given by
ds2 = −e2Ar dt2 + dr2
where A is an arbitrary constant. Employ the geodesic equation (Euler Lagrange Eqs) to
calculate all the components of the connection Γa bc for this metric. Hence calculate the Rtt
component of the Ricci tensor. Can this metric represent a flat space?
You may assume that the Ricci tensor is defined in terms of the connection as
Rab = −∂b Γc ca + ∂c Γc ab − Γc da Γd cb + Γc cd Γd ab .

(2*) (i) From the formula for the Christoffel symbols
1
Γabc = g ae (∂b gec + ∂c gbe − ∂e gbc )
2
show that Γabc ≡ gaf Γfbc is given by
1
Γabc = (∂b gac + ∂c gba − ∂a gbc ).
2
(ii) The Riemann curvature tensor of a certain manifold is of the form
Rabcd = K (gac gbd − gad gcb ) ,
with K a constant. Show that:
- The tensor Rabcd so defined has the symmetries of the Riemann tensor discussed in
the lecture;
- Observing that ∇a gbc = 0, show that ∇e Rabcd = 0. What sort of surface could have
a constant curvature?
- Sow that the corresponding Ricci tensor is proportional to the metric, and that the
Ricci scalar is a constant.

(3*) (i) Using the formula of the Riemann tensor in locally inertial coordinates show that
Rabcd + Racdb + Radbc = 0.
(ii) Using the symmetries of the Riemann tensor show that the above identity is equivalent to
Ra(bcd) = 0.
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