RELATIVITY MTH6132
PROBLEM SET 7

1. Starting from the Minkowski line element in Cartesian coordinates
ds? = —dt? + dz? + dy? + d22,
show that in spherical coordinates
x=rsinfsiny, y=rsinfcosy, 2z =rcosb,
the line element is given by

ds? = —dt® + dr? + r2d6? + r? sin® d?.

2.* The metric for a particular two-dimensional Lorentzian manifold is given by
ds® = —yPda® + 2t dy?

Employ the geodesic equation (Euler-Lagrange equations) to calculate all the compo-
nents of the connection I'“, for this metric. Use this result to calculate the R*,;, component
of the Riemann tensor.

3*. Show that any general (non-symmetric) covariant tensor of rank two, T, say, can be
expressed as the sum of its symmetric part, (), and anti-symmetric part, Tj,,. Hence
prove that

b b
9Ty = g* T(ab)a
where ¢ is a general Riemannian metric tensor.

4.* Explain what is meant by a Local Inertial Frame. Show that in such a frame the
Riemann tensor can be expressed in the form

1
Rabcd = 5 (adaagbc + acabgad - acaobgbd - adabgac)
at a specific point p. Employ this expression to show that in such a frame
Rabcd = _Rbacd

at p. Is this relation valid in an arbitrary frame of reference? Explain your reasoning.

5. Write down the definition of the Ricci tensor, Rpg, and Ricci scalar in terms of the
contractions of the Riemann tensor, R%.4. Using the symmetries of the curvature tensor
prove that Rpg is symmetric.
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