
Summary of Results from Chapter 3: Cartesian Tensors

Transformation Law

If a tensor of rank n has components Tijk... measured in a frame with orthonormal
Cartesian axes {e1, e2, e3} then its components in a frame with axes {e′

1, e
′
2, e

′
3} are

given by
T ′

ijk... = lipljqlkr . . . Tpqr...

where the rotation matrix L = (lij) is defined by

lij = e′
i . ej .

The components of L satisfy likljk = δij and lkilkj = δij .

The Kronecker Delta and the Alternating Tensor

δij =
{

1 i = j
0 i 6= j

εijk =

 +1 if (i, j, k) is a cyclic permutation of (1, 2, 3)
−1 if (i, j, k) is an anticyclic permutation of (1, 2, 3)
0 if any two of (i, j, k) are equal

εijkεklm = δilδjm − δimδjl

[x× y]i = εijkxjyk

det A = εijka1ia2ja3k

Symmetric and Anti-Symmetric Tensors

A tensor Tijk... is symmetric in i, j if Tijk... = Tjik... and anti-symmetric in i, j if
Tijk... = −Tjik....

Any second rank tensor T can be decomposed into a symmetric part S and an anti-
symmetric part A where

Sij = 1
2 (Tij + Tji),

Aij = 1
2 (Tij − Tji)

and
Tij = Sij + Aij .

Any anti-symmetric second rank tensor A can be expressed in terms of a suitable vector
! such that Aij = εijkωk. (In fact, ωk = 1

2εklmAlm.)
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Diagonalisation of Symmetric Second Rank Tensors

If T is a symmetric second rank tensor with eigenvalues (principal values) λ1, λ2 and λ3

and corresponding unit eigenvectors (principal axes) e′
1, e

′
2 and e′

3, then the components
of T in a frame whose axes coincide with the principal axes are λ1 0 0

0 λ2 0
0 0 λ3

 .

Isotropic Tensors

The most general isotropic tensors are:

Rank 0: Any scalar

Rank 1: Only the zero vector

Rank 2: λδij

Rank 3: λεijk

Rank 4: λδijδkl + µδikδjl + νδilδjk

Differential Operators

∂i = ∂/∂xi is a tensor differential operator of rank one.

[∇Φ]i =
∂Φ
∂xi

∇ . F =
∂Fi

∂xi

[∇× F]i = εijk
∂Fk

∂xj

∇2Φ =
∂2Φ

∂xi∂xi

[∇2F]i = ∇2(Fi) =
∂2Fi

∂xj∂xj
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