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All questions may be attempted but only marks obtained on the best four solutions will

count.

The use of an electronic calculator is not permitted in this ezamination.

1.

(a) Let B = {e;,es, €3} and B = {&;, &, &3} be two sets of right-handed orthonor-
mal vectors.

(i) Define the transition matrix H from B to B. Given that H is orthogonal,
show that the matrix HH7, where H; = = d(H;;)/dt, is skew-symmetric.

(i) Explain briefly how the angular velocity w of B relative to B can be
obtained from H.

(iii) Write down, without proof, the relationship between Dx and Dx, the
time-derivatives of x with respect to B and B respectively.

(b) In an inertial frame of reference the equation of motion of a particle of charge
¢ and mass m orbiting about a fixed charge —¢' and subject to a uniform
magnetic field B is

mD?r = —;I%r + q(Dr) x B,

where r is the position vector of charge ¢ from —¢', r = |r| and k is a constant.
Show that the equation of motion becomes

a2 - mrs

d’r k. g \2
—} Bx (B x
T+ (Qm) ( )
in a reference frame rotating uniformly with angular velocity w (to be found).
For sufficiently weak |B| this equation reduces to
d’r k

— = ———T.
dt? mr3
Describe the motion from the point of view of the laboratory (inertial) frame
in this case.

[Hint: this last equation describes an inverse square law with g having an el-
liptical orbit about ¢', where ¢’ is at one focus of the ellipse.]
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2. (a) Consider a system of N particles of constant masses m;,mg, ..., my and posi-

tion vectors ry,ry,...,ry. The external force acting on the ¢th particle is Fge)
and F;; is the internal force acting on the ith particle due to the jth particle.

(i) Define the centre of mass R.
(ii) Show that

N
MR =Y "F?,
i=1

where M is the total mass of the system.

(iii) Show that the total kinetic energy can be written as T' = Tps +Trel, where

T is the kinetic energy of the centre of mass and T is kinetic energy about
the centre of mass.

(b) Two particles of masses m; and m; move in the (z,z)-plane and are each
subject to an external uniform gravitational field such that Fz(-e) = —m;gk,
i = 1,2. In addition the particles feel a force of attraction of magnitude o/r?
where « is a constant and r is the distance between the particles. If the system
is released from rest, explain why only r and the z-coordinate, zgys, of the
centre of mass are needed to describe the system. Show that

1,
Tra = 5p%,

where u = myms/(m; + mg). Construct the Lagrangian of the system using r
and zcps as generalised coordinates. Use Lagrange’s equations to verify that
the relation in part (a)(ii) above holds for this system.
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3. (a) Define the Lagrangian L. A system has kinetic energy which is purely a
quadratic in the generalised velocities. Write down a constant of the mo-
tion for this system in the cases (i) L is independent of one of the generalized
coordinates and (ii) L is independent of time ¢.

(b) A small bead of mass m slides freely on a smooth uniform circular wire of
radius a. The wire is free to rotate about a vertical diameter and has moment
of inertia of Ma?/2 about the rotation axis. Gravity acts in the downward
vertical direction with acceleration g. The radius vector from the centre of the
w1re circle to the bead makes an angle 8 with the downward vertical. Initially

=7/2 and 0 = 0 and the angular velocity of the wire is ¢ = w.

How many degrees of freedom does the system have? Find the Lagrangian
for the system and write down two conservation laws. Show that the angular

velocity of the wire is
M+ 2m

0= M + 2msmn?8"
Show also that the bead does not reach the bottom of the wire (i.e. # = 0) if
2y 29M
a(M + 2m)

4. (a) The dynamics of a system are governed by a Lagrangian L(q,q,t). Define the
generalised momenta p; and the Hamiltonian H of the system. Show that

. _ _0H . _0H
p‘l - aqz b qZ - 6pz .

b) A particle of mass m IIlOViIlg in the T, Y —plane with generalised momenta Pz
g
and Dy has Hamiltonian

1
H = o—(p; +p}) + w(yps — zpy),
m
where w is a constant. Find the Lagrangian for the system and write out La-

grange’s equations of motion. Comment on the state of motion of the observer
for whom the above Hamiltonian is applicable.
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5. (a) A rigid body with density p and volume V rotates freely with angular velocity
w about a fixed point P. Show that it has angular momentum Lp about P
given by

Lp; = Jijwj,
where
Jij = [ p(Teridi; — 1ir;)dV,
1%

is the 2jth element of the inertia matrix. Explain why it is always possible to
choose a coordinate system such that the inertia matrix is diagonal.

[Hint: ax (bxc)=(a-c)b—(a-b)c]
(b) Consider a body moving with zero applied torque. If principal axes are chosen
such that Jj; = A, Joo = B and J33 = C, obtain the Euler equation
Awl + (C — B)w2w3 =0.

Find also the Euler equations involving ws and ws.

(c) A plane lamina, of possibly irregular shape and non-uniform density, moves
freely in space about its centre of mass. Show that principal axes can be
chosen such that A + B = C. Deduce that the component of angular velocity
in the plane of the lamina has constant magnitude.
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6. A symmetric top moves about a fixed point P in a uniform gravitational field.
Explain what is meant by nutation.

The Lagrangian L(1, ¢, ) for a symmetric top with moments of inertia A and C is,
in the usual notation,

L= %A (q@zsin29+9.2) + %C (1/}+q5c050)2 -~ mgacosf,

where a is the distance from the centre of mass to P.

Find the three generalised momenta pg, py and p, and show ¢ = (pg—py cos ) /(Asin? §).
Show also that the Hamiltonian H (ps, py, py, 8, ¢, 1) is

1 2 1 2 ]' 2
H= 5APs + m(pd, — pycos )’ + 5 Pe T mgacos 6.

Use Hamilton’s equations to deduce the existence of two conservation laws and give
a physical interpretation for each of these laws. Write down a third conservation
law.

Observe that the Hamiltonian can be written in the form

— 1 2

where U(#) is an effective potential. Use Hamilton’s equations to show that

. dU
0=——.
A de

A top is put in motion with initially zero nutation and 6 = 6,, where b is a (local)
minimum of the effective potential U(6). Using the above results find the motion of
the top for all time.
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