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SECTION A — Answer SIX parts of this section

1.1) Find the fixed points of the flow

— = ginx.

dt

[7 marks]

1.2) Convert the following equation into the standard form of a set of coupled first

order differential equations:

d3x 9
— = —bx
dt3

where b is constant.

[7 marks]

1.3) Define stable and unstable manifolds for a fixed point. Hence define a homoclinic

point.

1.4) Use linear stability analysis to study the dynamical behaviour of

dimensional system
dx

— = qx — bz®

dt
(a, b being constant) for a < 0 and b > 0.

1.5) By considering

dz 5
— =TT —x
dt

describe a transcritical bifurcation.

1.6) State the essential characteristics of chaos.

1.7) Describe the Ruelle-Takens-Newhouse scenario for the onset of chaos.
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[7 marks]

the one-

[7 marks]

[7 marks]

[7 marks]

[7 marks]
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1.8) For the logistic map define the Feigenbaum number. Discuss why the logistic
map is relevant for understanding the bifurcations in Rayleigh-Benard convec-

tion.

[7 marks]
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SECTION B — Answer TWO questions

Define box-counting dimension.
[10 marks]

Use this to express the fractal dimension dy, of an attractor for a dissipative sys-
tem in 3-dimensions which has a positive, negative and zero Lyapunov exponent.
Show that dj, is an example of the general form

k
OPY

=1

dr, = k+
g st

k
where Ay > Ay > A3 > -+ > A, and k is the largest integer such that > A; > 0.
i=1
[10 marks]

For a particular mapping it is found that an attractor has the following values
of Lyapunov exponents:

A1 = 0.67, Ay = —0.70, A3 = —1.36.

Calculate the corresponding dy,.
[10 marks]

For the following systems of linear mappings (z,y) — (2’,y’) classify the stabil-
ity characteristic of the steady state at (z,y) = (0,0):

(a)

=2y
y' =z
[10 marks]
(b)
2’ =3z + 2y
y'=dz+y
[10 marks]
()
x' = —4x — 2y
y' =3z —y
[10 marks]
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Show that the Henon transform f (x,y) : R> — R? where

[ (z,y) = (1 +y—a:1;2,bx)

and a, b are constants is invertible if b is non-zero.Write down the transformation
that describes the inverse mapping.
[10 marks]

By constructing the determinant of the Jacobian matrix show that the Henon
map contracts area if |b] < 1.
[10 marks]

Sketch the effect of the Henon transform on the rectangle bounded by the lines
r=0,r=u,y=0and y =v in the xy plane.

[10 marks]
Consider the iterative map
o 2w, 0<z, < :
T2 20, <@ <1
Find the fixed points and classify their stability.
[10 marks]
Show that the map has a period-2 orbit.
[10 marks]
Show that this orbit is unstable.
[10 marks]
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