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Physical Constants

Permittivity of free space

Permeability of free space

Speed of light in free space

Gravitational constant

Elementary charge

Electron rest mass

Unified atomic mass unit

Proton rest mass
Neutron rest mass
Planck constant

Boltzmann constant

Stefan-Boltzmann constant

Gas constant

Avogadro constant

Molar volume of ideal gas at STP

One standard atmosphere

€0 = 8.854 x 10712
po = 4m x 1077
c = 2998 x 108
G = 6.673x 10"
e = 1.602x1071

me = 9.109 x 10731
my = 1.661 x 10727
mp, = 1.673 x 10727
my, = 1.675 x 10727

h = 6.626x 1034
kg = 1.381x 10723
o = 5.670x10°8
R = 8314

Ny = 6.022 x 10%3
2.241 x 102
Py = 1.013 x 10°
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The gradient of a scalar function f in spherical coordinates (r, 8, ¢) is

. [(of 19f 1 of
vi= (E’;@’mmea@)

For any vector quantity F and scalar quantity f, we have

—

V x (Vx F) =

V(V.F) - V*F

SEE NEXT PAGE
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1.5)
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SECTION A — Answer SIX parts of this section

In a linear isotropic dielectric the relative permittivity is £, = 2 and the electric
field has magnitude £ = 10° V m~!. Give the values of the susceptibility, the
magnitude of the polarization and the displacement field at this point of the
dielectric.

[7 marks]

The magnetic field generated by a circular loop with current I has magnitude
B = ol /(2R) at its centre, where R is the radius of the loop. Using this result,
compute the magnetic field at the centre of a disc rotating around its axis of
symmetry with angular velocity w, when the disc has a uniform surface-charge

density og on its upper side.
[7 marks]

An electric dipole p' is located at the origin of the coordinates, with its axis
parallel to the z direction. The electric potential generated at the position 7 is
p.r

b=—-
4deqrs

Compute, in spherical coordinates, the components of the electric field at the
position 7.
[7 marks]

A capacitor is formed out of two identical parallel plates of surface area 0.2
cm? and separation 0.1 mm. The capacitor contains a dielectric with relative
permittivity e, = 3. A voltage U = 230 V is applied across its electrodes.
Ignoring edge effects, compute its capacitance, as well as the surface charge

density on its plates.
[7 marks]

Starting from the continuity equation dp/0t + ﬁj = 0, derive the conservation
of electric charge in electromagnetic processes.
[7 marks]
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1.7)

1.8)
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The energy of a static charge distribution of density p, generating the potential
®, is given by

1
W = 5 /d?’qu),

where the integral is taken over the whole three-dimensional space. Using the
appropriate Maxwell equation, show that

W= %O/d%\ﬁﬁ,

where E is the electric field deriving from the potential ®.
[7 marks]

Sketch a hysteresis loop, B versus H, describing a ferromagnet and comment
on the physical meaning of this curve.
[7 marks]

Give an expression for the fields (E , E) as functions of the potentials (P, /T) and,
using Maxwell equations and the vector identities in the rubric, show that the
simultaneous transformations

OA

leave E and B invariant.
[7 marks]
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SECTION B — Answer TWO questions

2)

a) Explain why an electrically charged conductor at equilibrium has its electric
charges on its surface and give the normal component of the electric field on the

surface of the conductor in terms of the surface-charge density o.
[4 marks]

b) Find the electric field outside and inside a spherical conductor of radius R and
charge Q.
[8 marks]

¢) Determine the electrostatic energy corresponding to the charge distribution in
b).

[5 marks]

d) Find the electric field outside and inside a ball of radius R and charge @) dis-

tributed uniformly throughout the ball.
[8 marks]

e) Determine the electrostatic energy corresponding to the charge distribution in

d) and compare it to the energy found in c).
[5 marks]
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A loop with current I generates a magnetic field B given by the Biot Savart
law: o
— MOI dl x 7
B="—
47 r3

With the aid of a diagram, explain the significance of the quantities appearing
in this integral.
[5 marks]

A circular loop of radius R is in the plane (z,y), centered on the origin, and a
current I flows through it. A point M of the z-axis is labelled by the angle 6
between Z, the unit vector along the z-axis, and M A, where A is a point of the
loop. Show that the magnetic field generated at such a point M is

B' = ﬁ(Sil’l 9)32

[15 marks]

A solenoid of length L has N complete turns of wire per unit length and has
the z-axis as its axis of symmetry. The solenoid has its ends at z = +L/2 and
A denotes a point of the solenoid located at one of its ends. When the current [
flows through the solenoid, show that the magnetic field at the centre O of the
solenoid is given by

EQ = ,U()NI COS 902,

where 6 is the angle between Z and OA.
[10 marks]
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A circular conducting disc of thickness h and radius R is in a time varying
magnetic field perpendicular to the disc, as shown in the figure.

Describe the physical process which leads to heat flowing out of the disc.
[5 marks]

The magnetic field is uniform and has magnitude B = Bgcos(wt), where t
is the time and w a constant angular frequency. Using Stokes’ theorem and
the appropriate Maxwell equation, show that the electric field generated at a
distance r from the centre of the disc has magnitude

B
E = w;or sin(wt).

What is the direction of E?
[10 marks]

The disc has conductivity 7, i.e. the current is j: 75. The power transferred
to the charges per unit volume is P = j.E. Show that the time-average of the
power radiated by Joule’s effect over one period is

22 T 4
B5—hR".
yw 076

[10 marks]

The disc is replaced by NN identical smaller discs of the same height, but area a,
occupying together the volume of the initial disc. Relate the area a to the area
of the original disc and show that the power radiated is N times smaller than
the one computed in c).

[5 marks]
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5)
a)
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Starting from Maxwell’s equations in the vacuum, show that the electric field
satisfies the wave equation

- 02E
V2E =
E = MoE0 8752 .

[6 marks]

Assuming a solution of the wave equation obtained in a) of the form
E = Eyexp(—iwt + ik.7),

show that the phase and group velocities are the same and are equal to the

speed of light in vacuum.
[7 marks]

Compute the magnetic field B corresponding to the time varying field E and
show that B =k x E/w.
[7 marks]

Define and compute the Poynting vector S for the real fields E,, B, (which are
the real parts of E, B respectively), as well as its time-average over one period.
Using Gauss’ theorem, explain the physical meaning of the equation

8“ — =
— 4+ V.5 =0,
ot "
where ]
€0 122 2
= —F — BZ.
RS T T

[10 marks]
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