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CP/2260SECTION A { Answer SIX parts of this se
tion1.1) Show that, for a general 
urvilinear orthogonal 
oordinate system (q1; q2; q3),the gradient of a s
alar �eld  (q1; q2; q3) is given bygrad = 3Xi=1 eihi � �qi ;where fei ; i = 1; 2; 3g and fhi ; i = 1; 2; 3g denote the sets of unit base ve
torsand s
ale fa
tors respe
tively for the 
oordinate system. [7 marks℄1.2) Consider the spheri
al polar 
oordinates (r; �; �),x = r sin � 
os�; y = r sin � sin�; z = r 
os �;where r � 0, 0 � � � � and 0 � � < 2�. Determine the s
ale fa
tors hr, h�, h�for this system and the unit base ve
tors er, e�, e�. [7 marks℄1.3) State the general �ltering theorem for the Dira
 delta fun
tion Æ(x). Hen
eevaluate the integral Z 1�1 Æ(4t+ �) sin(2t) dt : [7 marks℄1.4) De�ne the Fourier transform F [f(t)℄ of a fun
tion f(t) whi
h is de�ned on theinterval �1 < t <1. Cal
ulate the Fourier transform of the fun
tionf(t) = H(t) exp(�4�t) ;where H(t) =0 ; t < 0=1 ; t � 0is the Heaviside step fun
tion. [7 marks℄2 SEE NEXT PAGE



CP/22601.5) The fun
tion �(r; �; t) satis�es the partial di�erential equation1r ��r r ���r + 1r2 �2���2 = D���t ;where D is a 
onstant. Separate the equation into three ordinary di�erentialequations. [7 marks℄1.6) Explain what is meant by a regular singular point of a linear di�erential equationof se
ond order. Classify all the singular points of the di�erential equationx3(x� 1) d2ydx2 + x(x+ 2) dydx + (x� 2)y = 0 : [7 marks℄1.7) Verify that the fun
tiony(x; t) = y1(x+ 
t) + y2(x� 
t)with arbitrary fun
tions y1(x) and y2(x) is a solution of the wave equation�2y�x2 = 1
2 �2y�t2 [7 marks℄1.8) Use the generating fun
tion for Legendre polynomials(1� 2�t+ t2)�1=2 = 1Xn=0 Pn(�)tn ;where �1 � � � 1 and jtj � 1 , to prove thatPn(��) = (�1)n Pn(�)for all n = 0; 1; 2; : : : . [7 marks℄
3 SEE NEXT PAGE



CP/2260SECTION B { Answer TWO questions2) Show that the Fourier transform F [f(t)℄ = F (�) of an even fun
tion f(t) 
anbe written in the formF [f(t)℄ = 2 Z 10 f(t) 
os(2��t) dt : [7 marks℄Prove that the Fourier transform F (�) of the fun
tionf(t) =1� jtj for 0 � jtj < 1=0 ; otherwiseis given by F (�) = � sin(��)�� �2 : [14 marks℄Use the inverse Fourier transform to evaluate the integralZ 10 
osx� sinxx �2 dx : [9 marks℄
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CP/22603) Show that, for a general 
urvilinear orthogonal 
oordinate system (q1; q2; q3),the gradient of a s
alar �eld  (q1; q2; q3) 
an be written asgrad = e1h1 � �q1 + e2h2 � �q2 + e3h3 � �q3 ;where fhi; i = 1; 2; 3g and fei; i = 1; 2; 3g denote the sets of s
ale fa
tors andunit base ve
tors respe
tively for the 
oordinate system. [10 marks℄A parti
ular 
urvilinear orthogonal 
oordinate system (q1; q2; q3) is de�ned bythe transformation equations x = q1q2 
os q3 ;y = q1q2 sin q3 ;z = 12 (q21 � q22) ;where q1 � 0 , q2 � 0 and 0 � q3 < 2� . Determine the s
ale fa
tors fhi; i =1; 2; 3g and unit base ve
tors fei; i = 1; 2; 3g for this system. [12 marks℄Hen
e 
al
ulate the gradient of the s
alar �eld (q1; q2; q3) = (q21 + q22) 
os q3at the point P whi
h has 
urvilinear 
oordinates q1 = 1, q2 = 1 and q3 = �4 .Express your answer in terms of the Cartesian unit ve
tors i, j and k .[8 marks℄4) Consider the Bessel di�erential equationx2 d2ydx2 + xdydx + (x2 � p2)y = 0a) Classify the singular points of this equation. [4 marks℄b) Assuming that the parameter p in the Bessel equation is either noninteger or anegative number, use the Frobenius method to derive three �rst terms of twoindependent series solutions of the equation, y1(x) and y2(x). [24 marks℄
) Hen
e, state the general solution of the equation. [2 marks℄
5 SEE NEXT PAGE



CP/22605) Apply the method of separation of variables to the Lapla
e equation��r�r2 � �r �+ 1sin � ����sin � � �� �+ 1sin2 � �2 � �2 = 0 ;where  =  (r; �; �) and (r; �; �) are spheri
al polar 
oordinates. Hen
e showthat the physi
ally a

eptable produ
t solutions of the Lapla
e equation, whi
hare axially symmetri
 about the z axis and �nite at the origin r = 0, are givenby  (r; �; �) = rnPn(
os �) ;where n = 0; 1; 2; : : : , and Pn(�) denotes a Legendre polynomial in the variable� = 
os � .� It may be assumed that the di�erential equationsin � dd � �sin � d�d ��+ �U sin2 ��� = 0 ;only has a physi
ally a

eptable solution when the separation 
onstant U =n(n + 1) with n = 0; 1; 2; : : : , and that this solution is given by the Legendrepolynomial Pn(�) with � = 
os � .� [20 marks℄Determine the parti
ular solution  =  (r; �; �) of the Lapla
e equation whi
his single-valued and �nite in the region 0 � r � a, and satis�es the boundary
ondition  (a; �; �) = 
os2 � ;on the surfa
e of the sphere r = a .[ Note that the �rst three Legendre polynomials are P0(�) = 1, P1(�) = � andP2(�) = 12(3�2 � 1) .℄ [10 marks℄
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