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SECTION A — Answer SIX parts of this section

Show that, for a general curvilinear orthogonal coordinate system (g1, g2, qs3),
the gradient of a scalar field (g1, g2, g3) is given by
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where {e;;i = 1,2,3} and {h;;i = 1,2,3} denote the sets of unit base vectors
and scale factors respectively for the coordinate system.

[7 marks]

Consider the spherical polar coordinates (r, 6, ¢)

xr=rsinfcos¢p, y=rsinfsing, z=rcosh,

where 7 > 0,0 <6 <7 and 0 < ¢ < 2. Determine the scale factors h,, hg, hy
for this system and the unit base vectors e, eg, ey.
[7 marks]

State the general filtering theorem for the Dirac delta function d(x). Hence
evaluate the integral

/ (4t + ) sin(21) dt

[7 marks]

Define the Fourier transform F|[f(t)] of a function f(¢) which is defined on the
interval —oc < t < co. Calculate the Fourier transform of the function

f(t) = H(t) exp(—drt)
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where

is the Heaviside step function.

[7 marks]
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The function ¢(r, 6,t) satisfies the partial differential equation
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where D is a constant. Separate the equation into three ordinary differential
equations.
[7 marks]

Explain what is meant by a reqular singular point of a linear differential equation
of second order. Classify all the singular points of the differential equation

d?y dy

x3(x—1)@+x(a7+2)a+(a7—2)y=0.

[7 marks]

Verify that the function
y(z,t) = y1(z + ct) + ya(z — ct)

with arbitrary functions y;(z) and ys(z) is a solution of the wave equation

[7 marks]
Use the generating function for Legendre polynomials
(=2t +2)712 = 37 Pa(”
n=0
where —1 < <1 and [t/ < 1, to prove that
Po(=p) = (=1)" Pu(p)
foralln=20,1,2,....
[7 marks]
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SECTION B — Answer TWO questions

2) Show that the Fourier transform F[f(¢)] = F(v) of an even function f(t) can

be written in the form

Flf(t)] =2 /000 f(t) cos(2muvt) dt.

Prove that the Fourier transform F'(v) of the function

is given by

Use the inverse Fourier transform to evaluate the integral

[7 marks]
f)=1—1t| for 0<Jt| <1
=0, otherwise
Fv) = [sm(ﬂ'y)}
T
[14 marks|
o sinz 2
/ COST < > dz .
0 x
[9 marks]
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Show that, for a general curvilinear orthogonal coordinate system (g1, g2, qs3),
the gradient of a scalar field (g1, g2, ¢3) can be written as
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where {h;;i = 1,2,3} and {e;;i = 1,2,3} denote the sets of scale factors and
unit base vectors respectively for the coordinate system.
[10 marks|

A particular curvilinear orthogonal coordinate system (qi, g2, g3) is defined by
the transformation equations

T = (192 €OS Q3 ,
Y = q1q28ingqs,

2= - 43),

where ¢ > 0, g2 > 0 and 0 < g3 < 2m. Determine the scale factors {h;;i =
1,2,3} and unit base vectors {e;;i = 1,2, 3} for this system.
[12 marks|

Hence calculate the gradient of the scalar field

Y(q1,92,93) = (Q% + QS)COSQS

at the point P which has curvilinear coordinates g = 1, ¢ = 1 and ¢3 = 7.

Express your answer in terms of the Cartesian unit vectors i, j and k.

[8 marks]
Consider the Bessel differential equation
x2d2—y +x@ + (2> —p*)y =0
dx? dx
Classify the singular points of this equation.
[4 marks]

Assuming that the parameter p in the Bessel equation is either noninteger or a
negative number, use the Frobenius method to derive three first terms of two
independent series solutions of the equation, y;(x) and yo(x).

[24 marks|

Hence, state the general solution of the equation.
[2 marks]
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5) Apply the method of separation of variables to the Laplace equation

0 [ 40 1 0/(. 0¢ 1 0%
3r<r 01")+sin989<8m989>+sin208¢2 =0

where ¢ = ¢(r,0,¢) and (r, 0, ¢) are spherical polar coordinates. Hence show
that the physically acceptable product solutions of the Laplace equation, which
are axially symmetric about the z axis and finite at the origin » = 0, are given
by

Y(r,0,¢) =r"P,(cosb),
where n = 0,1,2,..., and P,(u) denotes a Legendre polynomial in the variable
= cosf.
[ It may be assumed that the differential equation

., d (. dO . 9
sm9% <s1n0ﬁ> + (Usm 0) ©=0,

only has a physically acceptable solution when the separation constant U =
n(n + 1) with n = 0,1,2,..., and that this solution is given by the Legendre
polynomial P, () with p = cosf ]

[20 marks|
Determine the particular solution ¢ = 1 (r, 6, ¢) of the Laplace equation which

is single-valued and finite in the region 0 < r < a, and satisfies the boundary
condition

Y(a,b,¢) = cos?0,
on the surface of the sphere r = a.

[ Note that the first three Legendre polynomials are Py(p) = 1, Pi(p) = p and
Pa(p) = 5(3u* = 1) ]
[10 marks|
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