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SECTION A — answer any SIX parts of this section

1.1 Evaluate the integral
/ (36(3t — 2) + 3H(t — 2))e*'dt,

where 0(t) denotes the Dirac delta function and H (t) denotes the Heaviside step func-
tion.

[7 marks]
1.2 A curvilinear coordinate system (g1, g2) is defined by the transformation equations

T=qq, y=I(qf—¢)/2.

Determine the unit base vectors e; and e, for this coordinate system. Are e; and es
orthogonal?

[7 marks]
1.3 Determine the Fourier transform of the function
f(x) = (6(z — a) + 6(x + a))/2,
where §(z) denotes the Dirac delta function and a is a constant.
[7 marks]

1.4 By assuming a solution of the form y = Ax®, where A and c are constants, deter-
mine the general solution of the differential equation

- r— 2 e
xdxmdm n‘y=20,
where n =0,1,2,.. ..
[7 marks]

1.5 A possible solution of the two-dimensional wave equation in polar coordinates can
be written in the form

o(r,t) = Jo(wr)(C cos(wet) + Dsin(wet)) ,

where r is the radial distance, w is a separation constant, ¢ is the wave velocity, C' and
D are constants, and Jy(x) is a Bessel function. Determine the general solution which
satisfies the boundary condition that ¢(R,t) = 0 at all times ¢ > 0.

[7 marks]

1.6 The function ¢(r, @) satisfies the equation,

10 96 1% _

ror Or  r?00?

Separate the equation into two ordinary differential equations involving a separation

constant k. What are the allowed values of k if £ > 0 and the solution ¢(r, ) must be
single valued as a function of 67

[7 marks]

SEE NEXT PAGE
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1.7 The generating function for Chebyshev polynomials T,,(z) is

Gl t) = —— 2 Z T,

1— 2zt + 12

where |z| <1 and 0 <t < 1. Determine the values of T,,(0) for n =0, 1,2, 3,4.
[7 marks]

1.8 The generating function for Legendre polynomials P, (z) is

Gz, t) = Py(a)t" = (1 — 2zt +¢*)7"/2,
Show that

Then show that

[7 marks]

SECTION B — answer TWO questions

2. Classify the singular points of the differential equation

[Ignore the point at infinity.] What type of point is z = 07
[8 marks]

Use the method of Frobenius to show that one solution of the equation is

and find the other solution.
[16 marks]

Show that the radius of convergence of the series solution is 1.
[6 marks]

SEE NEXT PAGE
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3. Given that g()\) is the Fourier transform of f(x) and that g(\) is an odd function

of A\, show that

f(x) =2i /OOO g(A\) sin(2wA\x) dA.

Prove that the Fourier transform of the function
-1, —-1<x<0,
flx) = {+1, 0<x<l,
0, otherwise
is
24 sin? T

g\) = —

Use the inverse Fourier transform to evaluate the integral

> sin® t cost
/ sinteost
0 t

[6 marks]

[12 marks]

[12 marks]

SEE NEXT PAGE
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4. The generating function for Legendre polynomials P, (z) is

Gr,t) = (1 -2zt +*)71/2 =Y " Py(a)t".
n>0

Deduce that
m+1)Pyi1—(2n+1)zP, +nP,—1 =0.

Hence deduce that
n—+1

_n+2

[8 marks]

Show that P,(—x) = (—1)"P,(z).
[4 marks]

A spherical metal shell is split into two halves by a thin insulating layer. The centre
of the sphere is at the origin and its radius is R. The hemisphere with z > 0 is at
potential 4V and the hemisphere with z < 0 is at potential —V'. In the region outside
the sphere, that is when the radial distance r > R, the electrostatic potential ¢(r,0)
satisfies Laplace’s equation and has the solution

o(r,0) = Z (Anr” + %) P, (cos®),

n>0

where 6 is the polar angle, A,, and B,, are constants, and P, (cos#) are Legendre poly-
nomials.

What is the solution that satisfies the boundary condition ¢(r,0) — 0 as r — co?
[5 marks]

The orthogonality relation for Legendre polynomials is

1
2
Py (z) Py, = 55—/ %nm
/_1 () P (z)dx 2n+16

where 6y, is the Kronecker delta. Use this relation and the boundary condition at the
surface of the sphere that

C[4V, 0<0<a/2,
(b(R’e)_{—V, /2 <0 <m,

to show that B,,, = 0 when m is even and
1
B, = (2m + 1)Rm+1v/ Py (x)dx
0

when m is odd.
[15 marks]

SEE NEXT PAGE
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5. The temperature of a spherical object of radius R is given by the function ¢(r,t)
where t is the time and r is the radial distance from the centre of the sphere. The
temperature obeys the heat conduction equation

19 .00 100
r290r Or a2 ot’

where « is the coefficient of heat conduction.

Use the method of separation of variables to obtain two ordinary differential equations.
[4 marks]

By substitution check that

1
Y(r) = —[Acoswr + Bsinwr],
wr

is a solution of the equation involving r, where w? is a separation constant. Then deduce

that the general solution for ¢(r,t) which is finite for all ¢ is

D 1
o(r,t) = C — = 4+ —[Acoswr + Bsinwr] exp(—a’w?t),
roowr

where A, B,C, D are constants.
[10 marks]

The object is initially at temperature ¢y and is placed in a bath of water at temperature
¢1. Show that the solution which satisfies the boundary conditions that ¢(r,0) = ¢q
for 0 <r < R, and ¢(R,t) = ¢ for all t >0, is

P(r,t) = ¢1 + (¢o — ¢1) Zb sin(nr/R) exp(—a’n®*n?t/R?),

= “(nmr/R)

where the b,, are constants.
[8 marks]

Explain in principle how the orthogonality relation
5 (R
= / sin(nzr/R) sin(mmr/R)dr = 6mn,
0

and the boundary condition at ¢ = 0 can be used to find the constants b,,. It is not

expected that you evaluate the constants.
[8 marks]
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