MODEL ANSWERS AND MARKING NOTES
PHYS1B24 2001

SECTION A [Part marks]

1. Theprinciple of superpositiorstates that when two waves exist in a medium the total
disturbance is the algebraic sum of the disturbances of the two, so that [1]

Jrd) = ARe[e5) 1 A R [elrso)]
= ARe [eiwt (e—ikm + ezkx)]
= 2ARe [ei“t cos(k:x)]

= 2Acos(wt) cos(kx). 3]
y; andys represent waves of equal amplitude travelling respectively to the right and to
the left: their superposition represents a standing wgMéow 1/2 mark for writing the

total as a sum. Allow 1 mark for writing as the sum of two cosines.) [12]

2. As the figure shows,

the path length difference between rays at an afigtem successive slits a distande
apart isd sin(#), and there will be constructive interference when this path difference
is an integer number of wavelength{4. mark will be deducted if there is no implicit or
explicit mention of interferencd@)hat is, [4]

dsin(f) = nA,

wheren is an integer.

If such a diffraction grating with 500 slits per mm is illuminated with 600 nm light, the
maximum order of diffraction is the largest integesuch thasin(f) <= 1:

(102 /500)

—d/\= o )
<= dfA = G 109

= 3.333,

i.e. the maximum order is 3. [3]

3. The change of phase which occurs when a light wave is reflected from (i) an optically
more dense material is, (ii) an optically less dense material is@ward 1 mark for0  [2]
andr but interchanged)

The diagram shows the formation of interference rings in Newton’s experi(nargt  [2]
show interfering rays clearly — no marks for just drawing rings, as the question tells us
to expect rings)



At a radiusr, the thickness of the air layelis given by
r? = t(2R —t) the chord formula

or
r? = R* — (R — t)* Pythagoras

so, for small, (1]
r? = 2Rt.

The different phase changes on reflection from the bottom of the lens and the top of
the plate are equivalent to a half wavelength optical path, so there will be constructive
interference if the path length differenzeis equal to an odd number of half wavelengthsi1]
(it is essential that this is explainedfhus bright rings occur when

r? = R(2n + 1)()\/2)

or [
A
rn =1/ (2n + 1)§R.

. For an incident wave in medium 1 with amplitudethe intensity is%ZlA%ﬂ, giv-
ing rise to reflected and transmitted intensitje& r2 A%w? and; Z,t2 A%w? respectively.  [2]
Substituting the expressions given, the sum of the reflected and incident intensities is

7y — 7o\ 2 1 27, \?
Z( )A%P+Z< )A%ﬂ
"\7, + 7, 27\ 7, + Z,

Al (Z1 — Z2)2 -+ 4Z12Z2 A2
(Z1 + Zy)*

(Zyv+ Z5)°] 2
i |l — 1 A
' [(21 e e

1
2
1
2
1
2

which is equal to the incident flux, showing that energy is conserved at the interface.[3]

If Z,ir = 400 kg m~2 57! and Zyaier = 1.45 x 10° kg m~2 s~! the amplitude transmitted
to the water is [2]

27 air _ 2 x 400
m = 10" x X

X o———— =55x 10710
Zoie + Zorator 400 + 1.45 x 106 m

1076

. During each period’ of the source, it emits one wave but also moves towards the ob-
server by a distance,7 = v,/f. The observed wavelength is decreased froio

N = X — v/ f. Thus the observed frequengyis (note that half the marks are for the [2]
explanation, half for the formulae)

ot ¢ c _ f
NooA=u/f  c/f—u/f 1 — (v5/c)
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(2]
If the source is receding, the same formula applies with the sign dversed. Hence
(one mark for writing down the initial line giving the difference) [3]
o FF /) - (1= (/) 2f(u/o)
1= (vs/c) T4 (vsfc) 7 (1= (vs/0))(1+ (vs/c)) 1= (vs/c)?

. Ray diagram showing the formation of the image of a slide on a screen by a simple
converging lens: [3]

Af

Applying the lens formulgallowing other sign conventions provided it is clear where
the object is)

gives
5000 X 50
uf 00050 s,

f—v  50—5000
that is, the slide is 50.5 mm from the lens. From the figure it is then obvious that tfm
height of the image is

u =

v 5000
W=-h=——-24=-2
" 505 376 mm,
or -2.4 m(deduct no marks if sign not included here) [2]
. Diagram of a Michelson interferometer: [3]

(Essential features: source, beam splitter, fixed and movable mirrors. Do not deduct
marks if no compensating plate shown)

When the mirror moves through a distantthe path length in that arm changesZay  [1]
Each change of in the path length shifts the fringe pattern by one dark fringe, so a shift]
of n fringes corresponds to

2d = nA,
o 100 x 600 x 10~ 2
d= "2 35107 m.
2
. The required expressions are [2]
w
Vp = —
Pk
dw
Vg = —.
& dk
The energy in the wave propagates at the group velocity. [1]
The dispersion relation may be written [2]
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and the group velocity is twice the phase velog@low one mark for deriving, =

vp + kOvy, /Ok).
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SECTION B

9. The figure shows the forces acting on a segment of the string betwaedx + §z,
across which the transverse displacement varies froony + 6.

: 0 - L
The transverse force atis T'sin(f) ~ T <ay> , acting in the negative direction, and
Xz

%
ox
is pdx, and so we may apply Newton'’s equation of motion to give [3]

Py dy dy
e = 1|(5) - (50),

0%y 0%y
Porr = g

thatatr+ox isT< > , acting in the positivg direction. The mass of this segment
z+ox

the wave equation with speed= /7'/p. [4]
The kinetic energy contained in a length with a wave

y(z,t) = Acos(kx — wt + @)

is
1
Ey = 4 Sx A% wsin®(kx — wt + @)
and averaging over a wavelength gives [3]
(B - Jo ip A2 w2 sin?(ka — wt + ¢)da
o A
_ 10 AW [} L1 — cos(2kz — 2wt + 2¢)] dx
A
1
= Ep A2 CLJQ

This energy, and the equal amount stored as potential energy, propagate along the string
with speedv, giving the total rate of energy transport along the strinéqas A2 W% (2 (3]
marks are for the averaging, 1 for converting to rate of transport of energy. Allow 1 mark
for quoting%mzﬂ, 1 for a reasonably clear reference to averaging over a wavelength or
period).

If waves of amplitude 10 cm are to be transmitted along a string of linear density
10 g m~! which is under a tension of 100 N, the highest frequency achievable with a
source power of 1 KW ig,,... given by [2]



10.

1 100

103 = = 1072 0.12 (27)2 2

O =5V iox103 10 01 ) e

so that [1]
fmax = 71.2 Hz.

The lowest frequency standing wave has a wavelength equal to twice the lenfthe

string and thus its frequencyig A = v/2L. The required length is then [3]
1 100 -

The diagram shows rays passing through a Fabry-Perot interferometer

showing that interference is between rays which pass through the etalon at the same
angle, and emphasising the importance of silvering or dielectric coating on the inner
surfaces of the etalon. [4]

If the amplitude of transmission of a ray through the first plate of the etalontisat
through the second, the reflection coefficients from the inside of the first and second
plates are andr’, and the phase change involved in a double traverse of the gap and the
two reflections i), then the amplitude transmitted through the etalon may be written g

! (TR Pl 288 [2]
E, = E, [tt + tr'rt'e? + tr'rr'rt e +]

(note that any change in phase involved in the straight-through passage has been incor-
porated withEy, so thatt, ¢', » andr’ are real). This is a geometric progression with first

term Eytt’ and common ratio’r exp(id). Summing the series to infinity gives [3]
tt
E,=E |———|.
K 0 ll - 7“7"’6“5]

(Allow 2 marks for a clear explanation of all the symbols in the result without a deriva-
tion)

To determine the intensity we compuigFE; [1]
N2
I (t)
1 —2rr'cos(d) + (rr')?
(t')?

1 — 277" + 4rr' sin®(6/2) + (rr')?
(tt')?/(1 — rr')?

1+ [4rr'/(1 — rr')2] sin?(§/2) 2]
Introducing
4ry’
F= (1 —rr)?’
we may write [1]
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(tt' /rr')*F )
1+ Fsin?(6/2)”
Clearly I peaks whenin(d§/2) = 0, so [1]

I x

Iy

I= :
1+ Fsin?(§/2)

The figure below shows how the intensity pattern varies Witland shows that largg,
corresponding te andr’ close to 1, increases the sharpness of the pattern — hence the
need for coatings on the inner surfaces of the etalon. [4]

The diagram shows Young's experiment for generating interference fringes from a spa-
tially incoherent source: it is essential that the first slit be included — deduct 1 mark if
not, or if source not described as coherent. [3]

If the apparatus is set up with two identical slits with centtegart, the amplitude at a
screen a distancefrom the screen with light of wavelength= 27 /k will be (2 marks
for superposition, 1 for distance formula) [3]

E(y,t) = Fye —iwt [ tky/x2+(y—d/2)? + ezk\/ +(y+d/2)? :| )

We now make the approximation thatd << x, so 2
1/2
Vit (y+d/2)? = z |1+ (y'i;‘i/Q)Q] /
2 2
o o[ (P ]
Writing
D=z ll + y2+(d/2)2]
212
we have "
E(y,t) = Eye'kP=b [@—ikdy/% i eikdy/?m]
= Fue'* 0= cos(kdy/2x).
Thus "

I(y) = Iy cos®(mdy /).
(Full marks for clear derivation using plane waves at angjle
The maximum amplitude occurs when the signals from the two slits add in phase, the
minimum when they are exactly out of phase. Thus for amplitutles\d B we have [2]

Inax < (A + B)? and I, o< (A — B)%. Hence the visibility of the fringe pattern (&
mark for defining/’, 3 for the algebra) [4]
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Imax — Imin
V B Imax + -[min
(A+ B)?> - (A— B)?
(A+ B)?+ (A — B)?
4AB
2 (A2 + B2)’
2A/B
1+ (A/B)2.

A slip of glasst thick with refractive index 1.5 introduces a change in optical path length
of (1.5 — 1)t (we are looking near the centre of the pattern, so there are no angular
corrections). If this does not alter the pattern, this optical path length must be an integral
number of wavelengths. Thus

(1.5 — 1)t = pA,

where) is the wavelength anglis an integer, so
t=px500x107/0.5=px 10 °m,
i.e. an integral number of microns. [6]

The cases expected are spherical and chromatic aberration, with the use of a doublet
to reduce the effects of chromatic aberration, as shown in the diagram below, but note
that the question (deliberately) did not specify spherical lenses so that barrel and similar
distortions are also acceptab(€or correcting chromatic aberration, mention of higher [6]
dispersion of correcting element is essential)

The diagram shows a compound microscope with an objective with focal length 4 mm
and an eyepiece with focal length 20 mm, forming an image, 250 mm from the eye, of an
object placed 4.1 mm from the objecti@he diagram must show the intermediate and[5]
final images, which must be located using two or more principal rays for each image)

The image at 250 mm gives us, from the lens formula for the eyefathber sign con-

ventions may be used, but must be correctly applied) [1]
1_r_1
v ou  f

the position of the intermediate image as

1 1 1

w =250 20
or
u = —500/27 mm = —18.5 mm.

This point, 18.5 mm to the left of the eyepiece,/lis— 18.5 mm to the right of the [1]

8
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objective. But for the objective [1]

11 1 1 1 0.1

v f u 4 —41 164

or v = 164 mm. Thus the separation of the lenses in this setting8i$ + 164 =  [1]
182.5 mm. The magnification of the microscope when adjusted in this way is the produgt
of the objective and eyepiece magnifications [2]
=100 20 s
—4.1 18.5

(The sign denotes that the image is inverted, but deduct no marks if the sign is omitted)
It is more usual to adjust the microscope so that the image is at infinity because the pye
is then relaxed, and so use of the microscope is less tiring.

The key difference between Fraunhofer and Fresnel diffraction is that in the former case
the curvature of the wavefronts may be neglected, but in the latter it may not (accept
large distance between diffracting element and detection point for Fraunhofer limit). [2]

The field distribution in the Fraunhofer pattern of a slit of widtliluminated with light

of wavelength\ = 27 /k may be computed by considering a wave leaving the slit at an
anglef, when the phase difference between the pgian the slit and the centre of the
slit (see diagram) is [2]

o(y) = kysin(0)

and the total field is thus [3]
w/2 ) .
E(Q) — EO / e—zky 51n(6)dy
—w/2
—ikysin(0) w/2
e
—ik sin(0) w2
25in (kw sén(&))
B k sin(0)
and the limiting value a8 — 0 is £(0) = wEj, SO [1]

sin (kw s;n(H) )

B@) = EBO) kwsin(6)/2
and, defining
3 = kwsin(0)/2 = % sin(0),
we have . ) (1]
1(0) = 1(0) [Smﬁ(ﬁ )]



(Allow the alternative approach to the slit as the limiting case of a diffraction grating
with NV slits each of width, but limit marks to 5 if limitsV — inf, ~ — 0, Nh — w
not taken correctly)

The figure illustrates Rayleigh’s criterion for the resolution of images formed by a slit,
that the images can be resolved if the central maximum of one diffraction pattern falls
on or beyond the first minimum of the other. The expression just derived shows thzit
the first minimum occurs whefi = =, orsin(f#) = A\/w. If we assume that the slit is
large compared with the wavelengtin (¢) ~ 6 and we obtai® > \/w. For a circular  [3]
aperture of diameteb the corresponding resultés> 1.22\/D. [2]

Thus a human eye with a pupil diameter of 2.5 mm observing at a wavelength of 500 nm
can resolve points with angular separatiios 1.22 x 500 x 1079/2.5 x 1073 = 2.44 x

10~ radians. Thus at a range of 250 mm the minimum separati@sis<2.44 x 10~* =

6.1 x 10~2 mm (for interest, about a hair’s breadth). [4]

PHYS1B24/2001 END OF SOLUTIONS

10



